Abstract-In this paper, we study the stability problem of a stochastic, nonlinear, discrete-time system. We introduce a linear transfer operator-based Lyapunov measure as a new tool for stability verification of stochastic systems. Weaker set-theoretic notion of almost everywhere stochastic stability is introduced and verified, using Lyapunov measure-based stochastic stability theorems. Furthermore, connection between Lyapunov functions, a popular tool for stochastic stability verification, and Lyapunov measures is established. Using the duality property between the linear transfer Perron-Frobenius and Koopman operators, we show the Lyapunov measure and Lyapunov function used for the verification of stochastic stability are dual to each other. The results in this paper extend our earlier work on the use of Lyapunov measures for almost everywhere stability verification of deterministic dynamical systems [1] .
I. INTRODUCTION Stability analysis and control of stochastic systems are a problem of theoretical and applied interests. For stochastic systems, there are various notions of stabilities. Among the most popular notions of stabilities are almost sure and moment stability [2] , [3] . The Lyapunov function is a popular tool for the stability analysis of stochastic systems and is used for the characterization of almost sure and moment stabilities [4] , [5] , [6] . The Lyapunov function is also used for the design of the stabilizing controller for stochastic systems [7] , [8] . The Lyapunov function verifies the stricter pointwise notion of stochastic stability. In this paper, we introduce a linear transfer operator framework to verify weaker settheoretic notions of almost everywhere stability of stochastic systems. Associated with stochastic dynamical systems are two linear transfer operators, Perron-Frobenius and Koopman operators, describing the evolution of systems in the space of density (measure) and function, respectively. These operators are dual to each other and are used in the dynamical system literature for the analysis of deterministic and stochastic dynamical systems [9] , [10] , [11] .
We have considered various applications of the linear transfer operator framework for analysis and control of deterministic dynamical systems. In particular, we introduce transfer operator-based Lyapunov measures to verify the weaker set-theoretic notion of almost everywhere stability in deterministic dynamical systems [1] , [12] , [13] , [14] . Similarly, the problem of designing a stabilizing feedback controller using Lyapunov measure was also studied [15] . A set-oriented, numerical framework was proposed for the University, Ames, IA 50011 ugvaidya@iastate.edu computation of Lyapunov measures. We have also demonstrated the application of transfer operator framework to applied problems, such as sensor and actuator placement [16] , [17] and robot motion planning [18] . In this paper, we extend the application of transfer operator framework to the study of stochastic dynamical systems. We study the weaker notion of almost everywhere stability for stochastic dynamical systems. This weaker notion of stability was first introduced in [19] for continuous-time, deterministic dynamical systems and for stochastic differential equations in [20] . In this paper, we study the stability problems for discrete-time stochastic systems. We introduce a weaker set theoretical notion of stochastic stabilities and show how these stability definitions connect with two of the most popular stability definitions in the stochastic theory literature i.e., almost sure and moment stability. We introduce transfer operator-based, Lyapunov measures to verify these various stability definitions. One of the main advantage of the proposed stochastic stability definition is that numerical methods based on finite dimensional approximation of the transfer operator can be made available for the computation of Lyapunov measure. We establish also a connection between the Lyapunov measure and the Lyapunov function in a stochastic setting. We provide formulas for the computation of Lyapunov measure and the Lyapunov function, used for verifying stochastic stability, in terms of resolvent of the Perron-Frobenius and Koopman operator respectively. By exploiting the duality relationship between Koopman and Perron-Frobenius operators, we show that Lyapunov function and Lyapunov measure are dual to each other. So, the various results developed in this paper extend our previous work on the use of Lyapunov measures for almost everywhere stability verification of deterministic dynamical systems to stochastic dynamical systems [1] . While results exist for the application of operator theoretic methods for the stability verification of stochastic system in more general Markov chain setting [5] , the main motivation of this work is to provide computational methods for the construction of stability certificate in the form of Lyapunov measure. Towards this goal, set-oriented methods that are developed for the finite dimensional approximation of the linear transfer P-F operator can be employed for computation of Lyapunov measure. This will be done along lines similar to our proposed approach developed for the finite dimensional approximation of Lyapunov measure for deterministic dynamical systems in [1] , [21] .
The organization of the paper is as follows. In section II, we discuss the preliminaries of the transfer operators and introduce various set-theoretic stochastic stability definitions. The main results of this paper on Lyapunov measure-based, stochastic stability theorems are proven in section III. The formula for obtaining the Lyapunov function for a stochastic system in terms of the resolvent of Koopman operator is presented in section IV. The connection between the Lyapunov measure and the Lyapunov function is discussed in section V, followed by conclusions in section VI.
II. PRELIMINARIES
The set-up and preliminaries for this section is adopted from [9] . Consider the discrete-time stochastic dynamical system,
where x n ∈ X ⊂ R d be a compact set. We denote B(X) as the σ -algebra of Borel subsets of X. The random vector, ξ 0 , ξ 1 , . . ., are assumed to be independent identically distributed (i.i.d) and takes values in W with following probability distribution,
is the same for all n and v is the probability measure. The system mapping T (x, ξ ) is assumed continuous in x and for every fixed x ∈ X, it is measurable in ξ . The initial condition, x 0 , and the sequence of random vectors, ξ 0 , ξ 1 , . . ., are assumed independent. Let W ×W = W 2 . Then the two times composition of the stochastic dynamical system, denoted by T 2 : X ×W 2 → X, is given by
where ξ n+1 n ∈ W 2 . Since the sequence of random vectors {ξ n } is assumed to be i.i.d, the probability measure on W 2 will simply be the product measure, v×v := v 2 . Similarly, the n-times composition of stochastic system (1), T n : X ×W n → X, is denoted by x n+1 = T n (x 0 , ξ n 0 ), where ξ n 0 ∈ W n with probability measure v n .
The basic object of study in our proposed approach to stochastic stability is a linear transfer, Perron-Frobenius operator defined as follows:
Definition 1 (Perron-Frobenius (P-F) operator): Let M (X) be the space of finite measures on X. The PerronFrobenius operator P : M (X) → M (X) corresponding to the stochastic dynamical system (1) is given by
for µ ∈ M (X), A ∈ B(X), and where χ A (x) is an indicator function of set A. The P-F operator can alternatively be written as follows:
where the expectations on ξ are taken with respect to the probability measure, v, and T
−1 ξ
(A) is the inverse image of set A under the mapping T (x, ξ ) for a fixed value of ξ , i.e.,
Furthermore, if we denote the P-F operator corresponding to the dynamical system, T ξ : X → X, for fixed value of ξ as
then, the P-F operator (2) can be written as
The Koopman operator is dual to the P-F operator and defined as follows:
Definition 2 (Koopman operator): Let h ∈ C 0 (X) be the space of continuous function. The Koopman operator, U T : C 0 (X) → C 0 (X), corresponding to the stochastic system (1) is defined as follows:
where the expectations are taken with respect to probability measure v. Let h be a measurable function and µ ∈ M (X), define the inner product as h, µ = X hdµ(x). With respect to this inner product, the Koopman and P-F operators are dual to each other. Using the inner product definition, we can write (2) as follows:
Due to the linearity of the scalar product, this implies
is the sum of a simple function. Since, every measurable function h can be approximated by a sequence {g n } of simple functions, we obtain in the limit, h, P T µ = U T h, µ .
Assumption 3: We assume x = 0 is an equilibrium point of system (1), i.e., T (0, ξ n ) = 0, ∀n, for any given sequence of random vectors {ξ n } taking values in set W .
Assumption 4 (Local Stability): We assume the trivial solution, x = 0, is locally stochastic, asymptotically stable. In particular, we assume there exists a neighborhood O of x = 0, such that for all x 0 ∈ O,
Assumption 3 is used in the decomposition of the P-F operator in section (II-A) and Assumption 4 is used in the proof of Theorem (10) .
We introduce the following definitions for stability of stochastic dynamical systems (1).
Definition 5 (Almost everywhere (a.e.) almost sure stability): The equilibrium point x = 0 is said to be almost everywhere, almost sure stable with respect to finite measure, m ∈ M (X), if for every δ (ε) > 0, we have
stochastic stable with geometric decay):
For any given ε > 0, let U(ε) be the ε neighborhood of the equilibrium point x = 0. The equilibrium point x = 0 is said to be almost everywhere, almost sure stable with geometric decay with respect to finite measure, m ∈ M (X), if there exists 0 < α(ε) < 1, 0 < β < 1, and K(ε) < ∞, such that
for all sets B ∈ B(X \U(ε)), such that m(B) > 0. We introduce the following definition of absolutely continuous and equivalent measures. 
A. Decomposition of the P-F operator
Let E = {0}. Hence, E c = X \ E. We write T : E ∪ E c × W → X. For any set B ∈ B(E c ), we can write
This is because T (x, ξ ) ∈ B implies x / ∈ E. Since the set E is invariant, we define the restriction of the P-F operator on the complement set E c . Thus, we can define the restriction of the P-F operator on the measure space M (E c ) as follows:
for any set B ∈ B(E c ) and µ ∈ M (E c ).
Next, the restriction T : E × W → E can also be used to define a P-F operator denoted by
where µ ∈ M (E) and B ⊂ B(E).
The above considerations suggest a representation of the P-F operator, P, in terms of P 0 and P 1 . Indeed this is the case, if one considers a splitting of the measure space
where M 0 := M (E) and
It then follows that the splitting defined by Eq. (5), the P-F operator has a lower-triangular matrix representation given by
III. LYAPUNOV MEASURE AND STOCHASTIC STABILITY
We begin the main results section with the following Lemma.
Lemma 9: Let
and F(x, ξ n 0 ) := T n (x, ξ n 0 ) : X × W n → X be the notation for the n times composition of the map T : X × W → X. Then, the Perron-Frobenius operator, P F : M (X) → M (X), corresponding to system mapping F is given by
Proof: We refer the reader to [22] for the proof. Using the lower triangular structure of the P-F operator in Eq. (6), one can write the P n T as follows:
We now state the first main results of the paper on the stochastic stability expressed in terms of asymptotic behavior of P n 1 . Theorem 10: The equilibrium point, x = 0, for system (1) is almost everywhere, almost sure stable with respect to finite measure, m ∈ M (X), if
for every set B ∈ B(X \U(ε)), such that m(B) > 0. U(ε) is the ε neighborhood of the equilibrium point x = 0 for any given ε > 0.
Proof: For any given δ > 0, consider the following sets,
So, set S consists of points with probability larger than δ to end up in set X \ U(ε). Now, since ε is arbitrary small and from the local stability property of equilibrium point, we have 0 ∈ U(ε) ⊂ O, the proof of this theorem follows if we show that m(S) = 0. LetS = S ∩ (X \ O). Then, from the property of the local neighborhood, m(S) = m(S). From the construction of set S, it follows x ∈ S, if and only if Prob(T (x, ξ ) ∈ S) = 1. Hence, Theorem 11: The x = 0 solution for system (1) is a.e. stochastic stable with geometric decay with respect to finite measure m ∈ M (X), if and only if there exists a positive constant K(ε) and 0 < β < 1, such that
for every set B ∈ B(X \U(ε)), such that m(B) > 0. Proof: We first prove the sufficient part.
Choose 0 < α < 1, such that
Then,
Since integrals over both sets are positive, we have
Hence, we have,
For the necessary part, we assume the system is a.e. stochastic stable with geometric decay (Definition 6). Construct the set S n andS n from the sufficiency part of the proof. The parameter, α, for this construction now comes from the stability definition (Definition 6). We have
Hence,
Now, since X is assumed contact, we have m(S n ) < M for some M < ∞. Hence, we have
Definition 12 (Lyapunov measure): A Lyapunov measure, µ ∈ M (X \U(ε)), is defined as any positive measure finite outside the ε neighborhood of equilibrium point and satisfies
for 0 < γ ≤ 1 and for all set B ∈ B(X \U(ε)). Theorem 13: Consider the stochastic dynamical system (1) with x = 0 as a locally stable, equilibrium point. Assume there exists a Lyapunov measure,μ, satisfying Eq. (12) with γ < 1. Then, 1) x = 0 is almost everywhere almost sure stable with respect to finite measure, m, which is absolutely continuous with respect to the Lyapunov measureμ. 2) x = 0 is almost everywhere stochastic stable with geometric decay with respect to measure any finite measure, m ≺ κμ, for some constant, κ > 0. Proof: 1) Using the definition of Lyapunov measure with γ < 1, we obtain 2) We have
where K(ε) = κμ(X \ U(ε)), which, by the definition of the Lyapunov measure, is finite. The proof then follows by applying the results from Theorem 11.
The following theorem provides for the construction of the Lyapunov measure as an infinite series involving the P-F operator.
Theorem 14: Let the equilibrium point, x = 0, be almost everywhere, stochastic stable with geometric decay with respect to measure, m. Then there exists a Lyapunov measure (Definition 12)μ with γ < 1. Furthermore, the Lyapunov measure is equivalent to measure m (i.e.,μ ≈ m) and the Lyapunov measure dominates measure m (i.e.,μ(B) ≥ m(B)).
Proof: Following the results of Theorem 11, we know there exists a positive constant K and β < 1, such that
Let β = β 1 β 2 , such that β 1 < 1 and β 2 < 1. Hence, we have
with α = 1 β 2 > 1. Now, construct the Lyapunov measure as follows:
The above infinite series is well-defined and converges because α n [P n 1 m](B) ≤ Kβ n 1 . Multiplying both sides of (13) with I − αP 1 , we obtain
Allowing γ = β 2 , we satisfy the requirement for the Lyapunov measure. The equivalence of measure, m, the Lyapunov measure,μ, and the dominance of the Lyapunov measure follows from the construction of Lyapunov measure as a infinite series formula Eq. (13).
IV. KOOPMAN OPERATOR AND LYAPUNOV FUNCTION Definition 15 (p th Moment Stability):
The equilibrium solution x = 0 is said to be p th moment exponentially stable with p ∈ Z + , if there exists a positive constant K < ∞ and β < 1, such that
The results of the following theorem are not new [2] , [23] , however the proposed construction of Lyapunov function in terms of Koopman operator is new. Furthermore, the connection between the Koopman operator and Lyapunov function also brings out the clearly the dual nature of the Lyapunov function and Lyapunov measure for stochastic stability verification. Theorem 16: The equilibrium solution x = 0 is p th moment exponentially stable, if and only if there exists a nonnegative function V :
where a, b, c are positive constants with c < 1. Furthermore, V can be expressed in terms of resolvent of the Koopman operator as follows:
where f (x) = x p . Proof: We first prove the sufficient part. We have
Letting K = b a and c = β , we obtain the desired condition for the p th moment exponential stability. For the necessary part, let
The uniform bound on V N (x) follows from p th moment exponential stability. Hence, V (x) = lim N→∞ V N (x) is well defined. Furthermore,
The bounds on the function, V , and the inequality,
, follows from the construction of the function, V.
The P-F operator and Koopman operator are shown to be dual to each other. In Eqs. (13) and (16), the Lyapunov measure and Lyapunov function are expressed in terms of infinite series involving the P-F and Koopman operators respectively. Using the duality relationship between the P-F and Koopman operators it then follows the Lyapunov function and Lyapunov measure used for verifying stochastic stability are dual to each other. In the following section, we establish a precise connection between the two stochastic, stability verification tools.
V. RELATION BETWEEN LYAPUNOV MEASURE AND

FUNCTION
In this section, we relate Lyapunov measure and Lyapunov function. In this section, we impose additional assumptions that the system mapping (1), i.e., T : X ×W → X. We assume the system mapping T is C 1 invertible diffeomorphism with respect to state variable x for any fixed value of noise parameter, ξ . For the diffeomorphism, we define
where | · | stands for the determinant. Lemma 17: Let P T be the P-F operator for the system mapping T : X ×W → X. Then,
If ρ(x) is the density of an absolutely continuous measure µ with respect to the Lebesgue measure m, i.e., dµ(x) = ρ(x)dm(x), then
Proof: We differ the proof to [22] due to space constraints.
We have the following theorem connecting the Lyapunov measure and Lyapunov function for a stochastic system. Theorem 18: Let J ξ (x) < ∆ < 1 for all ξ ∈ W and x ∈ X. 1) Let the equilibrium point, x = 0, is almost everywhere, stochastic stable with geometric decay with respect to the Lebesgue measure, m. Assume the Lyapunov measure is absolutely continuous with respect to the Lebesgue measure, m, with density function ρ(x), i.e., dμ(x) = ρ(x)dm(x). Hence, (following Theorem 14), there exists a Lyapunov measure satisfying
Furthermore, the density function corresponding to ρ(x) satisfies
Then, the x = 0 solution is p th exponentially stable with Lyapunov function V obtained as V (x) = ρ(x) −1 2) Let x = 0 be the p th moment exponentially stable with the Lyapunov function
] for some β < 1. Then, the measure,
is a Lyapunov measure satisfying E ξ [μ(T −1 ξ (B))] < κμ(B) for some κ < 1 and for all B ∈ M (X \U(ε)) with m(B) > 0. γ ≥ 1 is a suitable constant chosen, such that
Now, using Holder's inequality, we have
Combining (20) and (21), we obtain
Since V (x) = ρ −1 (x) is assumed to be radially unbounded (Eq. (17)), then using the results from Theorem (16) and inequality (22), we achieve the desired results, the x = 0 solution is the p th moment exponentially stable. 
. Now, since J ξ < ∆ < 1 is uniformly bounded, there exists a γ > 1 sufficiently large such that
.
Integrating over set B ∈ B(X \U(ε)), we obtain
Using the results from Lemma (17) and (18), we obtain the desired results by letting κ =β , i.e.,
[P 1μ ](B) ≤ κμ(B).
VI. CONCLUSIONS Weaker set-theoretic notion of almost everywhere stability for stochastic dynamical system is introduced. Linear P-F operator-based Lyapunov measure as a new tool for stochastic stability verification is introduced. Duality between Lyapunov function and Lyapunov measure is established in stochastic setting. Future research efforts will be focused on the computation of Lyapunov measure for stochastic stability verification. We will use set-oriented numerical methods developed for the finite dimensional approximation of the linear transfer P-F operator for the approximation of Lyapunov measure. This will be done along the lines of approach proposed in [21] for the finite dimensional approximation of Lyapunov measure in deterministic setting.
